The polymorphic lambda-calculus can be modelled using PERs on a partial combinatory algebra. We say that the type of natural numbers (polynat) is polymorphically standard in such a model if the interpretation of the type only contains (the interpretations of) the Church numerals. We show that this is not always the case by constructing an explicit counterexample. On the other hand, when the PCA has either (strong) equality or weak equality plus a form of continuity, we show polynat is standard.
Introduction
Some very simple and natural models of the polymorphic lambda-calculus, also known as system F , can be constructed from partial equivalence relations (PERs) on partial combinatory algebras (PCAs). The important case where the PCA is the natural numbers with Kleene application (K 1 ) has been studied by many. Even for this model there are open problems, but we do know that the interpretation of (the type used to represent) the natural numbers (polynat) is 'standard' in the sense that all its elements are interpretations of closed terms. In this article we shall see that even though this property holds for models satisfying quite general conditions, it does not hold for all (PCA PER) models. This is can be seen as a reason why one may want to consider less general classes of models, such as parametric models.
I would like to thank an anonymous referee for suggesting the terminology 'polymorphically standard' and for pointing out an error in one of the proofs.
Standard Natural Numbers
A partial combinatory algebra (PCA) is a pair (A, ·), where A is a set and · is a partial binary operation on A such that there are two elements K, S ∈ A which satisfy ∀x, y, z ∈ A . Kxy x ∧ Sxy↓ ∧ Sxyz xz (yz) where uvw means (u · v) · w . By definition u = v implies u↓ and v↓, and u v means (u↓∨v↓)→u = v. We follow the convention writing ab for (a·b 1 ) . . .·b n , and a n b for a(. . . (a ←n times→ b) . . .).
Observe that PCAs are sometimes called Shönfinkel algebras, and that the property Sxy↓ is never actually needed. A PCA is trivial if K = S. If A is trivial, then A = {K} .
As mentioned above, there is an important PCA formed by the natural numbers and Kleene application (m · n {m}(n)). It is called the first Kleene algebra and will be denoted K 1 . For more about PCAs, see [1] .
A partial equivalence relation (PER) is a binary relation which is symmetric and transitive. The PERs on any PCA A form a model of system F , in which each type T is interpreted as a PER T ⊆ A × A . The terms t : T are interpreted as elements t ∈ A such that ( t , t ) ∈ T .
The Interpretation of Polynat
The type N = ∀X.(X→X)→(X→X) , which we shall call polynat, is used to represent the natural numbers in system F . The closed terms of type N are (up to βη-equivalence) exactly the church numerals, i.e. terms of the form ΛX.λ(y:X→X).λ(z:X).y(y . . . (y ←n times→ z) . . .)) , which we shall denote n. For more about this form of representation see [2] . Also, for details on PER semantics the reader should consult other texts. We just recall that
For any PER R let R t = x (x, x) ∈ R . The question is: Does N t contain other elements than those of the form n ? More precisely we ask whether
since elements which belong to the same equivalence class are considered equal in the model. If (*) holds, we shall say that polynat is (polymorphically) standard in A.
There are various ways of representing the natural numbers in a PCA. For instance, we may use n = n . If (m, n) ∈ N for some m = n, then the PCA must be trivial. Hence, in a non-trivial PCA the elements n are distinct. Suppose that f :N→N represents a function f on the natural numbers in system F . Then f = f represents the same function in the PCA:
In particular, let s represent the successor function. Then (s n 0, n) ∈ N . We may might as well define n to be s n 0, so without loss of generality we shall assume that they are equal. Finally, we shall omit the underscore (writing n in stead of n) where this is unlikely to cause any confusion.
We go on to consider N in some more detail.
Proof. ⇒ We show by a simple induction on n that ∀n . f n a ∈ R t . By definition u ∈ R t implies u↓ .
By an N-algebra we shall mean a pair (f, a) ∈ A 2 such that ∀n . f n a↓ . For all F ∈ N t , we have F f a ∈ {(f n a, f n a)} n t . Thus we get:
In particular F s0 = n for some n.
Proposition 2.3 Polynat is standard in
(**) ⇐ (*) : F s0 = n for some n; so for all N-algebras (f, a) we have
Sufficient Conditions
There are two proofs that polynat is universal in K 1 , which use different properties of this PCA. The first is due to Freyd in [3] and uses the fact that K 1 has an element which represents equality. We start by showing how Freyd's technique may be generalised to any PCA with equality.
Equality Implies Standard Numbers
Let A be a PCA with (strong) equality, in the sense that for some
(This implies that if A is non-trivial, then A is partial and non-extensional, see the exercises in sec. VI.2 of [1] .) We show that polynat is standard in A.
s n,k is represented by some s n,k ∈ A (which we shall denote s n,k as well).
Proof. The idea is to let R = {(i, i)} i≥m , so that (s n,k , s) ∈ (R→R) and F s n,k m = F sm . But since s n,k is defined only up to equivalence in N , we must instead use
It is possible, using the general theory for PCAs, to find an s n,k ∈ A which represents s n,k 'on the nose', i.e. such that s n,k m = s n,k m for all m. By using this and assuming A to be non-trivial the rest of this section can be somewhat simplified, but we consider the current approach to be more natural.
. . . Proof. First let n = m + N m + 1 and assume n < m . Let R be the PER generated by
Then s n,1 ∈ (R→R) t and (F s n,1 m , F s n,1 m ) ∈ R . By claims 1 and 2 we have 
Proof. The result is trivial if A is trivial. Otherwise, find m, n and k ≥ 1 such that f n+k a = f n a and ∀i, j . (f i a, m + j) ∈ N .
Using equality we may define g ∈ A such that for all i g i a = f i a and
Hence,
Proof. Assume that {f i a} i is infinite. Using equality we may define for each n an element f n , which relates to f as s n,1 relates to s (but on the nose!). By an argument similar to the proof of claim 2 we have F f n a = F f a for sufficiently large n. (f n , a) is finite, so now we may use claim 4.
2
Since an N-algebra is either finite or infinite, we have
This concludes the proof of: Theorem 3.1 If A is a PCA with equality, then polynat is standard in A.
Continuity Implies Standard Numbers
One thing which makes system F interesting is that we may represent not only the natural numbers but all sorts of algebraic types in it. In [4] it is shown that all such types are standard in K 1 , exploiting two properties of K 1 which we shall call continuity and weak equality.
Let A be an arbitrary PCA. A has N-continuity if
A has weak equality if
Theorem 3.2 Let A be a PCA with weak equality. Then polynat is standard in A iff A has N-continuity.
Proof. The only place in the proof of theorem 3.1 where we use strong equality is in the proof of claim 5. However, claim 5 follows easily from claim 4 and continuity. For claim 4 we only need weak equality.
For the other direction observe that each n ∈ N is in fact uniformly continuous, since g n b = f n a → ngb = nf a . 2
A PCA with a 'non-standard number'
In this section we shall construct a PCA in which polynat is not standard. Alas, it is a syntactical construction of little interest in itself. It remains to be seen if one can find 'naturally occurring' PCAs with the same property.
Observe that, by proposition 2.2, PCAs do not have non-standard numbers in the ordinary (first order) sense. Instead, an element F ∈ N t such that ∀n . (F, n) ∈ N will be some kind of 'schizophrenic' Church numeral. More precisely, there will be N-algebras (f, a), (g, b) and numbers m, n such that
In [1] Beeson describes various PCAs, among them a term-model consisting of normal K, S-terms. The idea of the PCA below is to make a similar construction with three new symbols h, r, o , where h should be a non-standard number and (r, o) should be the N-algebra on which h behaves unusual.
Furthermore, we add a set of symbols denoting partial equality predicates in order to show that weak equality is not sufficient to ensure that polynat is standard. By theorem 3.2 this PCA cannot have N-continuity, so h must depend on an infinite number of values.
Our initial idea was to adjoin a non-standard number to an arbitrary PCA in a way similar to how one can add a generic real to a model of set theory. This turned out to be difficult. The current approach may be seen as a special case, where the initial PCA is the normal term model.
The PCA
Let S be a signature consisting of one binary function symbol ·, five constant symbols K, S, o, r, h and a set of constant symbols {D i } i∈ω . Let A be the set of S-terms, and for each a ∈ A let size(a) denote the number of symbols in a.
We will define a partial normalisation function |−| : A A. Observe that every a ∈ A is of the form cb, where c is a constant, so assume a = cb 1 . . . b n . If |b i | ↑ for some i, let |a| ↑. Otherwise, let d i = |b i | for each i and define |a| as follows:
When |a| is defined, it has a well-founded computation tree, which we shall denote tree(a).
We define the set of normal terms B = a ∈ A |a| = a and · : B 2 B by a · b |ab| . Our first aim is to show that (B, ·) is a PCA. Proof. It follows easily from the previous proposition that |ab| a |b| , so assume without loss that |b| = b .
Intuitively, the proof is by induction on the steps in the computation of |a|: Assume that a = cd 1 . . . d n , where c is a constant. If |d i | ↑ for some i, both sides will be undefined; so assume |d i | = e i for each i.
If |a| = ce , we may again use proposition 4.1. Otherwise, we have the following cases:
• If c = o or c = r ∧ n ≥ 1, then both sides are undefined.
. . e n b| |Kdb| .
• The remaining cases are treated similarly.
Formally, what we do is this: (1) Extend the definition of tree(a) to an arbitrary a in such a way that |a| ↓ iff tree(a) is well-founded (i.e. has no infinite chain). Write a ≺ a if |a | must be computed in order to compute |a|.
(2) Show that: If |a b| |a | b and height(tree(a b)) ≥ height(tree(a )) hold for all a ≺ a , then a has the same properties.
From this the proposition follows.
Proof. K ∈ B and (K · x) · y = |Kx| y = |Kxy| = x for all x, y ∈ B .
S ∈ B and (S · x) · y = ||Sx| y| = |Sxy| = Sxy and ((S · x) · y) · z |Sxyz| |xz(yz)| 
A Non-Standard Number
Since (B, ·) is a PCA, the natural numbers can be represented in B in the usual way. And since the terms built only from K and S form a sub-PCA of B, the numbers will be represented by such terms.
We proceed to show that in the model of system F based on B h is a nonstandard number, i.e. an element in N t which is not equivalent to any of the Church numerals.
On the other hand, if R = {(i, i)} i , then s ∈ (R→R) and
B is non-trivial, so 1 = 2 . 2
It remains to prove that h ∈ N t . In order to do this we shall extend the signature with a new symbol and show how the PCA based on the new signature relates to (B, ·) . From this the result will follow quite easily.
Let S be S extended with a new constant symbolô, which should be thought of as an alias for o, except that we let size(ô) = ∞ . Let A denote the corresponding set of terms, and extend the normalisation operation as follows: (h ) |hb|
otherwise .
where C = {r j o} j ∪ {r jô } j . (B , ·) is defined and shown to be a PCA just as for (B, ·) . For each a ∈ A let δ a = max { i | D i occurs in a } ; and for each n let C a = C \ {r i o} i<δa = { c ∈ C | ∀D i ∈ a . size(c) > i } . 
Conclusion
In this somewhat technical paper we have seen that in PCAs with weak equality polynat is (polymorphically) standard iff we have N-continuity. In [4] K 1 is shown to have these properties, whereas above we have constructed a PCA with weak equality in which polynat is not standard. (This refutes a conjecture made by the author at the Domains VI workshop: That polynat is always standard in such models.)
